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Abstract 

We obtain general theorems which enable the calculation of the Dixmier trace in terms of the 
asymptotics of the zeta function and of the trace of the heat semigroup. We prove our results 
in a general semi-finite von Neumann algebra. We find for p > 1 that the asymptotics of the 
zeta function determines an ideal strictly larger than CP'°° on which the Dixmier trace may 
be defined. We also establish stronger versions of other results on Dixmier traces and zeta 
functions. 
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1. Introduction 

1.1. Background. The key role of the Dixmier trace in noncommutative geometry was discov- 
ered by Connes around 1990, [13]. Since then, it has become a cornerstone of noncommutative 
geometry. Notably, the Dixmier trace is used to define dimension, integration and has been 
used in physical apphcations, along with heat kernel type expansions, to define 'spectral ac- 
tions' for noncommutative field theories, [9, 15]. The Dixmier trace (or more precisely Dixmier 
traces) are a family of non-normal traces on the bounded operators on a separable Hilbert 
space Tl measuring the logarithmic divergence of the trace of a compact operator. There is 
an ideal of compact operators denoted C^^'°°\Ti.) consisting precisely of those operators with 
finite Dixmier trace. (This and the related ideals jC,^'°°\H) , p ^ 1, are defined in detail 
in Section 2 c/also [13].) Following [13] connections between Dixmier traces, zeta functions 
and heat kernel asymptotics were systematically studied in [6]. Motivated by these results, 
and questions arising in connection with physical applications, we substantially extend the 
understanding of these matters in this article. 

Briefly, for an important special case, we show that for a positive compact operator T , the 
existence of the limit lim^^oo ^Trace(r^^'- ) implies that the operator T lies in an ideal Zp. 
The ideal Zi is £(i'°°)(7^), while for p > 1 Zp is strictly larger than ji:^'°°\n). (It is in fact 
precisely what is termed, in [32, Section l.d], the p-convexification of C^^'°°\H).) We then 
show that if lim,.^oo ^Tracc(TP+r) exists it equals pTrace(^(T^) for any state oj generating a 
Dixmier trace, Trace^^, . Thus we show that the asymptotics of the zeta function singles out 
the class of compact operators which have a finite Dixmier trace. 

In fact the analogues of these statements are true for compact operators T in a semifinite von 
Neumann algebra M with faithful, normal, semifinite trace r for which there are corresponding 
ideals Zp{J\f) and C^P'°°\Af,T) . Readers unfamiliar with ideal theory in such general algebras 
may restrict attention to the standard case of bounded operators on an infinite dimensional 
separable Hilbert space with its usual trace (denoted by 'Trace' here). Our reason for striving 
for generality stems from the emergence recently of applications of the semifinite von Neumann 
theory [1, 2, 18, 4, 5, 35]. 

Our results follow primarily from (strengthened versions of) deep facts from [6] and recent 
advances in the study of singular traces, some of which seem not to be well known. We also 
work in this paper with general Marcinkiewicz spaces and general 'Dixmier traces' as these 
spaces are already known to arise in the study of pseudodifferential operators [34] . 

Before giving a more precise account of our results, let us set out the motivations coming 
from noncommutative physics and geometry. In [28] it was shown that the Moyal 'plane' of 
dimension 2N defines a (2A^, oo)-summable spectral triple. In order to prove this, the authors 
used a variant of Cwikel's inequality, and to compute Dixmier traces, they employed the zeta 
function methods of [6] . Numerous other noncommutative spaces which are (p, oo) -summable 
have been studied, [7, 8, 9, 17, 19, 35, 36], some with physical applications or relevance. 

Examining these examples shows that except for very special and/or simple examples, eg 
[7, 8, 35, 36], the determination of Dixmier summability of an operator relics on one of two 
methods: Weyl's theorem, or Cwikel type inequalities. In particular for operators arising from 
'noncommutative action principles' (that is when we minimise functionals on noncommutative 
algebras), no (classical) geometric context need exist, and so Weyl's theorem is of no use. 
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The theorems presented here offer alternative techniques for proving Dixmier summability 
results, and computing Dixmier traces. This is likely to be relevant for (very) noncommutative 
examples and physically inspired examples. It is also likely that via zeta function regulari- 
sation of determinants, our techniques could provide criteria for one-loop renormalizability of 
noncommutative field theories. 



1.2. Summary of the main results. We need some notation in order to present the results. 
We remark that in a semifinite von Neumann algebra M with faithful normal semifinite trace r 

the r— compact operators are generated by projections P with t{P) < oo. Suppose that T is 
a r— compact positive operator in J\f . (If one has a semifinite spectral triple determined by an 
unbounded self adjoint operator D then one should think of T as or (1 + .) For 

a given r let denote a Dixmier trace corresponding to an element lo G ^^(N) or ^^(R+). 
Wc remark that lo must satisfy some invariance properties which we will explain in detail in 
Section 3. By the zeta function of T we mean (^(s) = r(r*). 

Consider the following hypothesis: 
(*) Under the assumption that t{T'^) exists for all s > p suppose that hm^^oo fC(p+f ) exists. 
It is then natural to ask, in view of [6, 13], the following question: 

A. If hypothesis (*) holds then docs it follow that T G /:(P'°°) ? 

We prove that the answer to Question A is yes if p = 1 and no if p > 1 . This leads to a second 
question: 

B. For p> 1 what constraint does hypothesis (*) place on the singular values of T? 

We remark that in contrast to the situation with the classical Schatten ideals it is not true 
that if T G £(1.°°) then T^/^ G C'-P'"^^ . In fact there is a strictly smaller ideal inside £(1'°°) 
characterized by this property. Wc prove correspondingly that there is an ideal Zp strictly 
larger than C^'°°) with the property that if T^^p G Zp then T G £^^'°°K We also prove that 
if hypothesis (*) holds then T e Zp. 

This leads to the further question: 

C. If hypothesis (*) holds how does the limit relate to the Dixmier trace of T^? 
In fact we show that for a certain class of Dixmier traces r^^ 

11 1 /•* 

lim -C(p+ -) =p lim - — / HsiT^ds := pT^{TP). 

r^oo r r t^oo log(l + t) Jq 

Our methods then lead us to prove some stronger versions of several results in [6]. In 
that paper we were forced to consider a subset of the set of all Dixmier traces determined by 
requiring invariance under a certain transformation group. In the new approach of this article 
we can relax; many of these invariance conditions. 

Then, in view of [13, p 563] and the relationship of the zeta function to the heat kernel, it is 
natural to ask what hypothesis (*) implies concerning the small time asymptotics of the trace 
of the heat semigroup. (We note that hypothesis (*) implies that the heat semigroup e~*-^ , 
defined using the functional calculus, is trace class for all t > 0.) This matter is resolved in 
Theorem 5.1. Let F{X) = A^^T(e^'^ ), then under hypothesis (*) for p = I this function 
is bounded on (0, oo) and Theorem 5.1 says that for certain u; G Loo((0, oo))* , io(F) is a 
multiple of the Dixmier trace r^^, (T) . 
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Conversely we know that if X~^T{e~^ ) has an asymptotic expansion in A as A — > oo 
then the leading term in this expansion precisely determines the first singularity of t{T^) as 
Re(s) decreases. In this case, using the results described above, we find that T € Zi and the 
residue of the zeta function is equal to the Dixmier trace of T . 

Finally, in Section 6, we revisit a question raised in [10]. Namely, for T in some general 
ideal I (in the r— compact operators), which admits a Dixmier trace t^^ , what are the minimal 
conditions on an algebra A such that the functional a T^{aT) on A is actually a trace? 
This question is important in the manifold reconstruction theorem of [13]. We find that the 
methods of this paper enable us to substantially generalize [10] (who answer the question only 
for J = ). We find that, for the same minimal conditions as in [10] , there is a very large 

class of Marcinkiewicz ideals 1 including I = Zp for which a — T^{aT) is a trace. 

We give in Section 2 a summary of the theory of singular traces and a careful discussion of 

ideals of compact operators needed in this paper. We follow this in Section 3 with some details 
on the construction of Dixmier traces. The main results are proved in Section 4, for the zeta 
function, and Section 5 for the heat operator. We finish with our generalization of [10]. 

Acknowledgement The fourth named author thanks Bruno lochum for asking the question 
that led to Corollary 4.6 and the Universite de Cergy-Pontoise for hosting his visit. We also 
thank Harald Grosse and Victor Gayral for advice and Evgenii Semenov for explaining to us 
some subtle facts about geometry of Marcinkiewicz spaces. The first named author thanks 
the Erwin Schrodinger Institute for its assistance with this research and the Clay Mathematics 
Institute for financial support. 

2. Preliminaries: spaces and functionals 

2.1. Function spaces. The theory of singular traces on operator ideals rests on some classical 
analysis which we now review for completeness. 

Consider a Banach space {E, \\ ■ \\e) of real valued Lebesgue measurable functions on the 
interval J = [0, oo) or else on J = N. Let x* denote the non- increasing, right-continuous 
rearrangement of |a;| given by 

x*{t) = inf{s ^ I X{{\x\ > s}) ^t}, t> 0, 

where A denotes Lebesgue measure. Then E will be called rearrangement invariant (or r.i.) if 

(i) . E is an ideal lattice, that is if y G and x is any measurable function on J with 
^ |a;| ^ \y\ , then x E E and \\x\\e ^ ||y||E; 

(ii) . \i y E E and if x is any measurable function on J with x* = y* , then x G E and 

\\x\\e = \\y\\E- 

In the case J = N, it is convenient to identify x* with the rearrangement of the sequence 
|x| = {|a;n|}5^i in descending order. (The theory is in the monographs [30], [31], [32].) A r.i. 
space E is said to be a fully symmetric Banach space if it has the additional property that if 
y G £■ and Li + Loo{J) 3 x -<-< y, then x £ E and ||x||£; ^ Hyjle- Here, x -<~< y denotes 
submajorization in the sense of Hardy-Littlewood-Polya: 

/ x*{s)ds^ f y*{s)ds, Vi > 0. 
Jo Jo 
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All these spaces E satisfy Li n (J) C E C (Li + L^) (J) , with continuous embeddings. 
In this paper, we consider only fully symmetric Banach spaces E, which satisfy in addition 
E C L^{J) (a non-commutative extension of the theory of such spaces placed in the setting 
of a semifinite von Neumann algebra J\f corresponds to ideals in J\f equipped with unitarily 
invariant norm [29, 21, 11, 39, 6]). 

Recall (see [30]) that for an arbitrary rearrangement invariant function space E = E{0,oo) 
the fundamental function of E, (Pe{-), is given by 

(PEit) = \\XlO,t)\\E, t > 0. 

2.2. Marcinkiewicz function and sequence spaces. Our main examples of fully symmetric 
function and sequence spaces are given in the following discussion. Let J7 denote the set of 
concave functions ■0 : [0, oo) —i- [0, oo) such that lim(_^.o+ ip{t) = and limt^oo '0(t) = oo. For 
tp & define the weighted mean function 



1 /•* 

a{x,t) = / x*{s)ds t>0 

V i't) Jo 



and denote by M{ip) the (Marcinkiewicz) space of measurable functions x on [0, oo) such that 
(1) lkllM(v.) •= supa(x,t) = ||a(x, •) ||^ < oo. 

We assume in this paper that ^j{t) = 0{t) when t ^ 0, which is equivalent to the continuous 
embedding M{ip) C L^{J). The definition of the Marcinkiewicz sequence space m(V') of 
functions on N is similar, 

m(0) = |x = : ||x|U(^) := sup < ooj . 

Example (i). Introduce the following functions 

V'i(*) = 

respectively (for p > 1 ) , 

The spaces and jC^P'°°) are the Marcinkiewicz spaces M(V'i) and M{il)p) respectively. 

The norm given by formula (1) on the space jC^'°°^ is denoted by || • ||(p,oo) i 1 ^ p < oo. 

Example (ii). In [34], F. Nicola considers, in connection with a class of pseudo-differential 
operators, the Marcinkiwecz space M{ip), with ip{t) = log^{t+ 1), t>0. 




2.3. Symmetric operator spaces and functionals. We now go from function spaces to 
the setting of (noncommutative) spaces of operators. Let A/" be a semifinite von Neumann 
algebra on the separable Hilbert space H , with a fixed faithful and normal semifinite trace r . 

We recall from [26, 25] the notion of generalized singular value function. Given a self-adjoint 
operator A in A/", we denote by E^{-) the spectral measure of A. Then E^^\{B) G J\f for all 
Borel sets B C M, and there exists s > such that t(£'I"^I(s, oo)) < oo. For t ^ 0, we define 

IJ,t{A) = inf{s ^ : t(£;I^I (s, oo)) ^ t}. 
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The function fx{A) : [0, oo) [0, oo] is called the generalized singular value function (or 
decreasing rearrangement) of A; note that /X(.)(A) G L^{J). 

If we consider J\f = L(x)([0, oo), m) , where m denotes Lebesgue measure on [0, oo), 
as an abelian von Neumann algebra acting via multiplication on the Hilbert space Ti. = 
L^([0, oo), m) , with the trace given by integration with respect to m, it is easy to see that the 
generalized singular value function fi{f) is precisely the decreasing rearrangement /* . If A/" 
is all bounded operators (respectively, ^oo(N)) and r is the standard trace (respectively, the 
counting measure on N), then ^ G is compact if and only if lim^^oo Mt(^) = 0; moreover, 

fin{A) = fit{A), te[n,n + l), ra = 0,1,2,..., 

and the sequence {/i„(^)}^,) is just the sequence of eigenvalues of |^| in non-increasing order 
and counted according to multiplicity. 

Given a semifinite von Neumann algebra {Af, r) and a fully symmetric Banach function 
space {E, || • \\e) on ([0, oo),m), satisfying E C Loo[0, oo), we define the corresponding non- 
commutative space E{J\f, r) by setting 

E{Af,T) = {A£Af:fi{A) G E}. 

The norm is H^ll^j^^j := ||//(A)||e, and the space {E{M,t), \\ ■ H^jj^^^j) is called the (non- 
commutative) fully symmetric operator space associated with {M, r) corresponding to {E, \\ ■ 
We) ■ We write E{Af, r)+ for the positive operators in E{J\f, r) . If = £oo(N) , then the space 
E{Af, t) is simply the (fully) symmetric sequence space Ie , which may be viewed as the linear 
span in E of the vectors e„ = X[„_i „) > n ^ 1 (c/ [31]). 

The spaces M{il))(M ,t) associated to Marcinkiewicz function spaces are called operator 
Marcinkiewicz spaces and we mostly omit the symbol (A/", r) as this should not cause any 
confusion. We use, for the usual Schatten ideals in A/", the notation Lp{M,T), p ^ 1. 

Definition 2.1. A linear functional ip G E{Af,T)* is called symmetric if (p is positive, (that 

is, ip{A) ^ whenever ^ ^ G E{N,t)) and ip{A) ^ p[A') whenever /v,(A) fi[A') . A 
symmetric ip G E{J\f, r)* is called singular if it vanishes on all finite trace projections from J\f ■ 

The important examples of singular symmetric functional that arise in noncommutative 
geometry are the Dixmier traces which we describe in the next Section. For the discussion of 
these we will need the following fact. 

Theorem 2.2 ([24]). Let po be a symmetric functional on E . If p{A) := ipo{p,{A)) , for all 
A^ 0, A € E(M,t), then ip extends to a symmetric functional ^ ip € E(M,t)* . 

3. Invariant states and Dixmier traces. 

The construction of Dixmier traces r^; depends crucially on the choice of the "invariant 
mean" uj . Here we explain the invariance properties we need for these invariant means via the 
results summarized below (all of them are proved using fixed point theorems). 

We define the shift operator T: £^ i^o, the Cesaro operator H : i^o — ^ £oo and dilation 
operators D„ : ^oo ^ ^oo for n G N by the formulas 

T {xi,X2,X3, . . . ) = {X2,X3, X4, . . . ). 



H (xi,X2,a;3, . . . ) = (xi, 



2 ' 3 

Dn{xi,X'2.,Xz,. . .) = { Xi, . ,XyX2, . .J ,X2j , . . .), 

n n 

for all X = (.x'l, ,X2, 2:3, ... ) e ioo- 

Theorem 3.1. [23] There exists a state to on l^o such that for all 1 

Co oT = LU o H = Co o Dn = Co. 

Now we consider analogous results for Loo- We let W^. denote the positive reals with 

multiplication as the group operation. We define the isomorphism L : Loo(IR) Loo(lR+) 
by L(/) = / o log. Next we define the Cesaro means (transforms) on Loo(K) and Loo(K+), 
respectively by: 

1 r 

H{f){u) = - f{v)dv for / e Loo(M), G M 

and, 

M{gm = ^ f 9{s)- for g G L^K)^ ^ > 0- 

A brief calculation yields for g G Loo(K+), LHL~^(g)(r) = M(g)(r), i.e L intertwines the 
two means. 

Definition 3.2. Let denote translation by 6 G M, denote dilation by ^ G and let 
denote exponentiation by a G Ml . That is, 



Tb{f){x)=f{x + b) for /GLo 

Da{f){x) = f {a-\r) for / G Loo(M), 
P^{f){x) = f{x-) for /gLoo(M;). 

Proposition 3.3 ([6]). If a continuous functional uj on Loc(R) is invariant under the Cesaro 
operator H, the shift operator Ta or the dilation operator Da then Co o is a continuous 
functional on Loo(K+) invariant under M, the dilation operator or P"" respectively. Con- 
versely, composition with L converts an M, Da or invariant continuous functional on 
Loo(M^) into an H, Ta or Da invariant continuous functional on L^{MC) . 

We denote by Co(M) (respectively, Co(M+)) the continuous functions on M (respectively, 
vanishing at infinity (respectively at infinity and at zero). 

Theorem 3.4 ([6]). There exists a state Cb on Loo(M) satisfying the following conditions: 

(1) cD(Co(M)) = 0. 

(2) If f is real-valued in Loo(IK) then 

ess liminf /(t) ^ Cb{f) ^ ess lim sup /(t). 

t-*oo t-*oo 

(3) If the essential support of f is compact then Cb{f) = 0. 

(4) For all a > and cGM Cb = CboTc = Cbo Da = Co o H. 



Combining Theorem 3.4 and Proposition 3.3, we obtain 
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Corollary 3.5. There exists a state u on L^{M.*^) satisfying the following conditions: 

(1) u{Co{^%))^Q. 

(2) If f is real-valued in L^{M.*^) then 

essliminf /(t) ^ '^(/) ^ esslimsup/(i). 

(3) If the essential support of f is compact then uj{f) = 0. 

(4) For all a,c> u = u o Dc = u o P°' = uj o M. 

Remark 3.6. In the sequel we will consider pairs of functional u on L^{R), uj G Loo(K^) 
related by a; o = u. 



If w is a state on i^o (respectively, on Loo(K), -Loo(^+))) then we denote its value on 
the element {xi}'?^-^ (respectively, / G L^{R), Loo(RX)) by oo — lim.i^^ Xi (respectively, 
UJ — linif^oo /(i) )• We saw in Theorems 3.1, 3.4 and Corollary 3.5 states on i^c, Loo(^) , and 
Loo(K+) invariant under various (group) actions. Alain Connes in [13] suggested working with 
the set of states on Loo(M;^) , which is larger then the set 

{ui : io is an M-invariant state on ^00(^4-)} 

namely 

CD(R\_) := {a) = 7 o M : 7 is an arbitrary singular state on Cb[0, 00) }. 

These states are automatically dilation invariant. In this paper, we find that for the zeta 
function asymptotics it suffices to consider states that are D2 and invariant for all a > 1 . 

In Section 5 we need a smaller set of states, namely a subset of 

{u G Loo(K+)* : a; is an M-invariant and P"-invariant state on Loo(K+), a > 0}. 

This subset consists of states whose existence is guaranteed by Corollary 3.5. We refer to any 
state satisfying the conditions (1) to (4) of Corollary 3.5 as a DPM state (in [6] we used the 
vaguer term 'maximally invariant'). We now recall the construction of Dixmier traces for the 
compact operators. 



Definition 3.7. Let a; be a -invariant state on £ao- The associated Dixmier trace of 
T G C^^'°°\n) is the number 

N 



^ n=l 



Notice that in this definition we have chosen uj to satisfy only the dilation invariance as- 
sumption even though Dixmier [20] originally imposed on uj the assumption of dilation and 
translation invariance. 

Definition 3.7 extends to the Marcinkiewicz spaces M(ip)(Af,T) . Fix an arbitrary D2- 
invariant state u on Loo(I^+)- Then the state uj is -invariant, n G Z and a simple 
argument shows that it also satisfies conditions (l)-(3) of Corollary 3.5. For the remainder of 
the paper, let ijj & Q, satisfy 

(2) lim = 1. 



8 



This condition is sufficient for the existence of singular traces or singular symmetric functionals 
on the corresponding fully symmetric operator spaces [24]. Indeed, setting 

(3) T^{x) := u- lim a{x,t), ^ x G M{tjj){J\f,T) 

t— >oo 

(see the details in [24, p. 51]), we obtain an additive homogeneous functional on M{ip){J\f, r)+ , 
which extends to a symmetric functional on M{il:i){M ,t) by linearity. The proof of linearity 
of in [24, p. 51] is based on the assumption that u is Di -invariant which is equivalent to 

2 

-invariance (see above). 

4. The Dixmier trace on Marcinkiewicz operator spaces 

4.1. Preliminaries. In this subsection we generalize and strengthen some results from [6]. 

Lemma 4.1. For every E ft satisfying (2) and every 1 > a > 0, there is C = C{a) such 
that tp{t) < Ct"', t>0. 



Proof. Let < a and let Q > be so large that ioi t > Q 

V<2t) 

m ■ 

There is C > 1 so large that ^{t) ^ Ct" for all t < Q. Suppose there is a first Qo ^ Q for 
which V(Qo) = CQ^. Then 



^^(^0/2) " C(Qo/2)' 
which is a contradiction. Consequently, -(/"(t) < Ct" for all t > 0. □ 

Recall that for any r-measurable operator T, the distribution function of T is defined by 

At(r):=r(x(t,oo)(m)), t>0, 

where X(t,oo)(l^l) is the spectral projection of |T| corresponding to the interval (t, 00) (see 
[26]). By Proposition 2.2 of [26], 

/x,(r) = inf{t ^ : At(T)^s}. 

We infer that for any r-measurable operator T, the distribution function A(.-)(T) coincides 
with the (classical) distribution function of ^(.) (T) . From this formula and the fact that A is 
right-continuous, we can easily see that for t > , s > 

Or equivalently, 

S <\t <?=^ \ls > t. 

Using Remark 3.3 of [26] this implies that: 

(4) f^\s{T)ds= [ fi,{T)ds = T{\T\xit,oo){\m, t>0. 

Jo JloM) 

Lemma 4.2. For T € M(V') T ^ and any P > 1 there is a C = C{P) such that \i/t{T) < 
Ct^ for every t > 0. 



Proof. Let a = 1 — 1/(3 and Ai/^(r) = a . Hence A*(a-o)(^) ^ Then by Lemma 4.1 
there is Ci > such that 

fJ'{a-0){T)ds a/X(a_o)(^) i_Q, N 

J V= sup -r-r ^ -r^; = --— ^ =a [Cltj. 

o<h<oo V'W V'(a) C'la" 

Consequently 

V(r) = a < (Ci||r||v,t)Va-«) = c*/^. 

□ 

Remark. Since /? > 1 could be arbitrary, it is obvious that the constant C could be replaced 
by 1 if i is sufficiently large. 

In the sequel we will suppose that tp possesses the following property 

(5) A{P)=suptyo^^l, if 011. 

Observe that if ^{t) = log(l + 1)'^ , 7 > 0, then condition (5) is satisfied. 

Proposition 4.3. (cf. [6, Proposition 2.4]) For T G M.{il)) positive let u he D2 and P"- 

invariant, a > 1 state on L°°(R^). Then 

UT) = . - lim ^ ,^iT)ds = u - hm ^r(Tx(.,^)(T)) 
and if one of the to— limits is a true limit then so is the other. 

Proof. We first note that 

ft /-Aim 

/ fisiT)ds^ / * iis{T)ds + l, t>0. 
Jo Jo 

Indeed, the inequality above holds trivially if t ^ Ai(r). If t > Ai(r), then 

ft f^i{T) ft 

/ fis{T)ds= / fisiT)ds+ / ftsiT)ds. 

Jo Jo JXi(T) 

J 

Now s > Ai (r) implies that Hs{T) ^ j so we have 

/ fis{T)ds^ / ' fis{T)ds + -{t-\i{T))i^ / ' fis{T)ds + l. 

Jo Jo t t Jq 

Using this observation and lemma and remark above we see that for a > 1 eventually 

ft fXi(T) ft" 

/ fis(T)ds^ / fisiT)ds + l^ / iis{T)ds + l 
Jo Jo Jo 

and so eventually 



</>(*) 
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Taking the a; -limit we get 



1 f^k^'^^ 1 /■*" 

Tu,{T) ^ w - lim — — / Hs{T)ds ^ u; - lim — — / Hs{T)ds 

^ u; - lim / //,(r)(is = A(a)r^(r) 

where the last line uses P", a > 1, invariance. Due to equality (4) and since the previous 
inequalities hold for all a > 1 and by assumption (5) we have A{a) —>■ 1 we get the conclusion 
of the proposition for a; -limits. 

To see the last assertion of the Proposition suppose that lim^^oo Jq fis{T)ds = B then 
by the above argument for any e > and sufficiently large t > we get 

B-e^ ^^(T^X(i,oo)(^)) ^ + 6) 

for all a > 1 and since A{a) —y 1, limt_»oo :^'''{TX(^1 oo)(-^)) ~ B- On the other hand if the 
limit limt_>oo :^t{TX(^i oo)(-^)) exists and equals B say then 

1 /■* 1 /"* 

lim sup -7— / i^s{T)ds ^ B ^ A{a)limM —— / fis{T)ds 
wyt) Jq ip{t) Jq 

for all a > 1 and so limt_>oo Jq tJ-s{T)ds = B as well. □ 

Corollary 4.4. Under the conditions of the preceding Proposition the expression 
can be replaced by 



1 

If the real limit exists then the prefix lo may be removed. 



The proof is immediate since il}(oo) = 00 and the difference of these limits is 

1 1 /-Aim 

^-(rx„.»,(T)) = lim — I ,.iT)is = 0. 

4.2. An alternative description of . The zeta function of a positive compact operator 

T is given by C,{s) = t{T^) for real positive s on the assumption that there exists some sq 
for which the trace is finite. Note that it is then true that t(T^) < 00 for all s > sq. In 
this subsection we will always assume r(T*) < 00 for all s > 1 and we are interested in the 
asymptotic behavior of ({s) as s ^ 1. 

Let us define the space 

Zi = {TeM: \\T\\z, = limsup(p - 1)t{\T\p) < 00}. 

Since we also have the other equivalent definition 

/•oo 

\\T\\z, = limsup(p - 1)( / ^^t{\T\rdt)'/P = limsup(p - l)||T||i^ 

Jo pll 
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(recall that we use the notation Lp for the Schatten ideals in {J\f, r) ) the ordinary properties 
of the semi-norm for || • \\zi are immediate. 

Theorem 4.5. (i) LetT^O, T eN and limsup5_^o st{T^"^^) = C < oo, then 

limsup^ / nt{T)dt !^ Ce. 

u—*oo 111 U Jo 

(ii) The spaces Z\ and C^'°° coincide. Moreover, if Af is a type I factor with the standard 
trace, or else M is semifinite and the trace is non-atomic then denoting by >Cq'°° the closure 
of Li{J\f, t) in jC^'°° , we have for any T e Ci 

dist£i,oo(r, >Cq'°°) = limsup / fit{T)dt ^ e\\T\\z^ 

u— »oo Ul^U Jq 

and \\T\\zi ^ ||r||i,oo- 

Proof, (i) By assumption for every e > there is an sq > such that for all s G [0, sq] 

/•oo 

(6) s ^^tiT)^+'dt^C + e. 

Jo 

Then, for u ^ 1 according to Holder's inequality and (6) we have 



J\t{T)dt^(^J\t{T)'+'dt^ (^j\'^dt^ 

f s 1"^ 1, ^ 1 1 

j nt{Tf+'dt\ ^ ((C + e)/s)T+5u^ ^ (C + e)-u'. 

Set no = e^^^° and for u > uq set s = l/lnu(< sq) . Then u = e^°" and by the previous 
inequality 

/■U 1 lllM-p— 

/ Ht{T)dt ^ {C + e)-u' = (C + e) ^ = (C + e)elnn. 

That is we have the inequality 

1 r 

/ Ht{T)dt ^ (C + e)e for u > uq. 

Inn Jo 

Since 

1 r 

||r| £i.oc = sup — — — - / fit{T)dt 
i^u^oo ln(l + n) 7o 

we conclude that T e £.^'°° . Moreover, since e > is arbitrary 

1 r 

limsup- / fMt{T)dt ^ eC. 

M— >CXD hi U Jq 

Hence (i) and the embedding Zi C C^'°° are established. 

The equality dist£i,(x>(r, >Cq'°°) = limsupy^_,^ lo l^tC^)^^' well-known in the special 
case when the algebra J\f is commutative (see e.g. [22, Proposition 2.1] and references 
therein). The general case follows from this special case, due to the combination of the follow- 
ing facts. Firstly, the inequality i-t{x) — ^{y) -<~< fi{x — y) (see [21]) together with the fact that 
£i,oo -g f^Wj symmetric yields the inequality dist£i.oo (T, /^q'°°) ^ dist^i.oo (/i(r), i3Q'°°(0, oo)) 
or distal, oo (T, >Cq'°°) ^ dist^i.oo (/i(r), >Cq'°°(N)) , depending whether J\f is of type // or 



12 

/. Secondly, fix an arbitrary T G C^'°°{J\f). Due to [11], there exists a rearrangement- 
preserving (and thus, isometric) embedding (pT of C^'°°{0, oo) (respectively, C^'°°{'N) in 
the type / setting) into C^'°°{M) such that 93t(/x(T)) = T. This observation shows that 
distal, oo (T, £j'°°) ^ distal, oo (^(T), £q'°°(0, oo)) . 

The argument above also proves the equality and the first inequality in (ii). 

To complete the proof of (ii), let us take an arbitrary T G C^''^ and note that by the 
definition of the norm in the Marcinkiewicz space >C^'°° we have x ||T||i^oo/(l + i). Since 
the spaces Lp{J\f,T), 1 ^ p < oo, are fully symmetric operator spaces we have 

\\T\\p < ||r||i,oo||l/(l + i)||p, P>1. 
Taking the p-th power we get 

poo roo 1 

/ „^{TYdt^\\T\\l^ ilii+tYdt=\\T\\l^—-. 
Jo Jo P — ^ 

If now p 1 1 we conclude that 

/•CO 

||T||2i = limsup(p- 1) / fXtiTfdt ^ ||T||i,oo. 
pll Jo 

Hence, JC^'°° C Zi . Due to the first part of the proof we infer that the spaces Zi and JC^'°° 
are coincident. □ 

Corollary 4.6. Let T e M be positive with t{T^) < oo for all s > 1 . If limj._^oo ^T{T'^^r) 
exists then T G >C(^'°°) . 

4.3. The case p > 1. Our approach above to the study of Zi allows us to generalize imme- 
diately. Let us define a class of spaces Zg, 1 by: 

Zg = {TeAf+: \\T\\z, = limsup((p - g)r(Tf))VP < oo}. 

pll 

Setting r = 1 + 2^ = 2 ^ we have 

||T||z, = limsup((p - g)r(T'?(i+(P-«)/<?)))^/P = (glimsup(p - g)/gT((T«)(^+(^'-«)/«)))Vf 

plq plq 

= gi/'^(limsup((r - l)r((r'')''))i/(^'-) = iq\\Ti\\z,)^/i . 
rll 

Now it is clear that T G if and only if G Zi and \\T\\zg = (g||r«||2jV? . 

We now state a few consequences of Theorem 4.5. The classical p-convexification procedure 

for an arbitrary Banach lattice X is described in [32, Section l.d] and is sometimes termed 
power norm transformation. It is simply a direct generalization of the procedure of defining 
Lp -spaces from an Li -space. 

The proof of the first corollary below is immediate. 

Corollary 4.7. (i) There is a more convenient equivalent formula for the semi-norm \\ ■ \\zg 
namely 

Ik Wzg — Ir 11^1 ! y ^ J-- 
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(ii) The space Zq coincides as a set with the q-convexification of the operator space C^'°° : 

If M is a type I factor with the standard trace, or else J\f is semifinite and the trace is non- 
atomic then the semi-norms \\ ■ \\zg and dist^i,oo(-,>Cj'^) are equivalent. Here, jC^'^ is the 

closure of Li {M, r) in Cl'°° . 

Corollary 4.8. (i) An element T e Zp, p^l, iff TP G >C^'°°. Moreover 

(7) -/ fit{T)P+^/^dt = -TiTP+^/^)=p—T{TP^^+^/P''^). 

r Jq r pr 

and for r > the expression in (7) belongs to L°°{W^). 
(ii) IfTe then TeZp. 

(Hi) If T is a positive in N such that lim^-^oo ^TiT^'^r) exists, then T Zp. 

Proof. The first statement is immediate from earlier results. To prove (ii) we remind the 
reader that T € iff iJ,t{T) ^ Cmin( l,t~^/P) for some C < oo. Then as r ^ oo 

,(1 +pr) 



- / MTf+^/'dt ^ C-(l + / t-^-^/P'dt) = C-il - prt-^/P'\f) = C 
r Jq r Ji r r 



< oo. 



For (iii), we note that if lini,.^oo \.t{TP+^) exists, then G Zi and by (i) T ^ Zp U 

In view of the preceding corollary we have the following implications 

T G ^ T G Zp, 

T eZp^TP &Zi= £1'°°. 

Hence, everything which has been proved for T G = >C^'°° is automatically true for S = T^ 
provided T G or especially if T G £.P'°° . 

4.4. The space Zp, p > 1 is strictly larger than CP'°° . We deduce the result in the title 
of this subsection by proving that the analogue of Theorem 4.5 does not hold when p > 1. 

Proposition 4.9. The assumption sup^^^ ^r(T*''*"?) < oo does not guarantee T G . 

Proof. We use the notation UtiT) := x{t), t > 0. The proof is based on the observation 
(see [30] and also detailed explanations in [39, Section 5]) that the ordinary norm 

II II IoX*is)ds 
= sup 777^ — 

in the Marcinkiewicz space M{ijj) (here, -0 G as in Section 2) is equivalent to the quasi-norm 

F^(x)= sup — -— 
0<t<oo Wv) 

provided that lim inft_>oo -^^f^ > 1- For ■0p(^) = t^~^/P, p > 1, the norm || • and quasi- 
norm -Fp(-) = P^pi') are equivalent. In other words, the norm of any clement T from the ideal 
is equivalent to Fp{x) . This is not the case for V-'o(^) '■= hi(l + t) (that is the functional 
i*b(-) = T^oi') ^^^'^ ^^^^ norm in are not equivalent) and it is easy to locate a function 
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z{t) = z*{t) such that H^H^q < cxd but Fq{z) = swp^^QZ*{t)t = oo. For example, we take 
z{t) = n/2"' for t € (2("-i)', 2"'], n = 1,2,..., and z{t) = 1 for t G [0,1]. It is easy to verify 
that there exists < C < cxd such that 

f z*{s)ds ^Cln{l+t) 
Jo 

(that is z C/{1 + 1)) and at the same time 

^W^Un^ =^(2"')2"' =n, n = l,2,... 

(that is Fo{z) = oo). 

Observe that since z C/{1 + t), we have for every u > 

poo pco 

/ z{ty+''dt (1/(1 + ty^^'^dt = civ < oo. 

Jo Jo 

Now, let us fix p > 1 and set x{t) = z^/P{t) for f > 0. The estimate above gives 

poo fOO 

s / xP+'{t)dt = p{s/p / z{tf^''Pdt) ^Cp <oo. 
Jo Jo 

Nevertheless, 

Fp{x)= sup x{t)t^/P = {Fo{z)y/P = oo. 

0<t<oo 

That is the condition sup^^^^ ir(T^^r ) < oo does not imply T G C^P'°°) , □ 

We remark that while Zp., p > 1 is the p-convcxification of the ideal in turn, the 

ideal is the p-convexification of some subideal in , which is termed the 'small ideal' 

in [6]. We will establish this latter fact in subsection 5.2. 

4.5. Limits of zeta functions. Our earlier results enable us to considerably weaken the 
hypotheses in one of the main theorems of [6]. First we recall the following preliminary result 
proved in [6]. 

Proposition 4.10. (weak*-Karamata theorem) Let Co € iyoo(IR)* be a dilation invariant state 
and let P be a real valued, increasing, right continuous function on M+ which is zero at zero and 
such that the integral h{r) = e^~ dl3{t) converges for all r > and C = u — limr_>oo ^h{r) 
exists. Then 

u — lim —nir) = tu — lim . 

r—>-oo r t—KX) t 

The classical Karamata theorem has a similar statement with the uj limits replaced by 
ordinary limits. 

In the following we will take T € positive, ||T|| ^ 1 with spectral resolution T = 

J XdE{X). We would like to integrate with respect to dT{E{X)); unfortunately, these scalars 
t{E{X)) are, in general, all infinite. To remedy this situation, we instead must integrate with 
respect to the increasing (negative) real- valued function Nt{X) = t{E{X) — 1) for A > 0. 
Away from 0, the increments t{AE{X)) and ANt{X) arc, of course, identical. The following 
theorem is a strengthened version of Theorem 3.1 of [6] made possible by Proposition 4.3. 
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Theorem 4.11. For T G >C(^'°°) positive, \\T\\ ^ 1 let u he a D2-dilation and P"' -invariant, 
a > 1 state on L°°{R*^) . Let u = u o L where L is given in Section 3, then we have: 

T^{T) =a;-lim^r(r^+^). 

// limr-^-oo \T{T^~^r^ exists then 

T^T) = lim -TiT^+-r) 
jar an arbitrary dilation invariant functional u) G L°°(]R!j_)* . 



Proof. The proof is just a minor rewriting of the corresponding argument in [6]. By Proposi- 
tion 3.3, the state Co is dilation invariant and by Theorem 4.5(i) h{r) = ir(T^+r) g L°°(R_|_). 

So, we can apply the weak*-Karamata theorem. First write T{T^^r) = J^_^_ X^~^rdNT{X) ■ 
Thus setting A = e~" 

POO 

r(r^+F) = / e-rdp{u) 
Jo 

where P{u) = e~'"dNT{e~'") = — e~'" dNT{e~'") . Since the change of variable A = e~" is 
strictly decreasing, (3 is, in fact, nonnegative and increasing. By the weak*-Karamata theorem 
applied to a; G L°°(M)* 

uj- lim -r(r^+-)=a;- lim 

1 — >oo r u— >oo u 

Next with the substitution p = we get: 
(8) ij - lim ^ = a; - lim - / pdNrip). 

Set f{u) = We want to make the change of variable u = logi or in other words to 

consider / o log = Lf . This is permissable by the discussion in Section 3 which tells us that if 
we start with a functional uj G L°°(M^)* as in the theorem we may replace it by the functional 
Co = uj o L which is dilation invariant with 



Co - lim -r(r^+r) = Co 



lim 



) — >oo r M— >00 u 



1 

= UJ — lim fiu) =00— lim Lfit) =00— lim / XdNriX)- 

■' ^ ' t-*oo ■' ^ ' log t Ji/t ^ ' 

Now, by Proposition 4.3 and Corollary 4.4 applied to i^iit) = log(l + ~ logt 

u - lim / XdNriX) =u- lim r^rixti AT)T) = tJT). 

t^oologtJi/t t^oologi ^^d'l]^ ^ ^ ' 



This completes the proof of the first part of the theorem. 



The proof of the second part is similar. Using the classical Karamata theorem we obtain 
the following analogue of (8): 

_ ...^ /?(^) _ ..... 1 

r— »oo r 



lim -r(ri+'^) = lim ^ = lim - C pdNrip). 

r^oo r U u^oo u Jg-u 
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Making the substitution u = log t on the right hand side we have by Proposition 4.3 

Urn - / pdNTip) = Hm [ AdiVr(A) = tJT) = lim - — ^ / Us(T)ds. 

□ 

We now deduce some corollaries of the discussion above. Retaining the notation as in the 
previous theorem we let a; be a Z'2 -dilation and P"^ -invariant, a > 1 state on L°°(M;^). Let 

{j = u> o L . The assumption that ^C(^^^'^) is bounded in r means that, by Theorem 4.5, 
T e Zi = >C^'°°. Then by Theorem 4.11 

cj- lim ic(T^+F) = T,(r). 

r— >oo r 

Consequently using (7) if either T E Zp or if T G jO.P'°°, p > 1 we have the formulae 

(9) - lim -C(TP+r) = w - lim -t(TP+^/') = pCo - lim ^r(Tf (1+^/?"^') = pr^(TP) 

r—foo T 1 — >oo T pr —>oo pr 

where the last step uses dilation invariance of a) , which is guaranteed by our choice of u) . The 
equation (9) together with Theorem 4.11 tell us that if one of the limits in the previous equality 
is true then so are the others. In particular, if limr_»oo lC{T^'^^) exists, then T e Zp and 

lim -C(rf+^) =;> hm ^ f fisiT^ds. 
r log(l + t) Jq 

5. The heat semigroup formula 

5.1. Asymptotics of the trace of the heat semigroup. Throughout this section T > 0. 
For q G M+ we define " as the operator that is zero on ker T and on ker T"*- is defined in 
the usual way by the functional calculus. We remark that if T ^ 0, T € Zp for some p ^ 1 
then e~*^ '' is trace class for all i > 0. This is because if x e E, where {E, \\ ■ \\e) is any 
symmetric (or r.i.) space then 

\\x\\e > lk*(i)X[o,s](Oll£ ^ x*{s)\\x[o,s]\\e = x*{s)ip{s), 
where ip{-) is the fundamental function of E. Consequently, x*{s) ^ ||x||e/</?(s) . For E = 
Zp = Cp°° (see Corollary 4.7(ii)) the fundamental function is (p{s) = {s/log{l + s))^^^ Hence, 
for every t > 

for some C > all < p, g and < e < q/p. Thus r(e~*-^ < 00 for g > (since e > is 
arbitrary). 

Theorem 5.1. (cf [6]) // T ^ 0, T £ Zp, 1 ^ p < 00 then, choosing u to he DPM invariant 
and u to he related with uj as in Remark 3. 6, we have for q > 

u - lim \r{e-'^-'^-"') = -r{p/q)u - lim = ^-T{p/q)T^{TP). 

A^oo A q r r q 



Proof. We have, using the Laplace transform, 

n^k) Jo 
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Then 

/•oo 

T{s/q)C{s)=T{s/q)T{Tn= / t^/«-V(e-*^-'')dt. 

Jo 

We split this integral into two parts, and and call the second integral R{r) where 
s = p + ^. Then 

R{r) = / tP^+i/tor)-V(g-iT-.)^^_ 



The integrand decays exponentially in t as t oo because T'l ^ ||T«|ph so that 

r(e-*^-^)^r(e-^-''e-M). 

Then we can conclude that R{r) is bounded independently of r and so limr-*oo f = 0- 
For the other integral tP/«+i/(9'-)-ir(e-*^"')di we can make the substitution t = e f^/P . 
Then elementary calculus gives 

/■\p/?+i/(90-V(e-tT-<')^i = -q/p /°e-'^(^+^»r(e-^-'"'^^^-^)d/x = q/p /"e-^d/3(/x) 
where = Jq e~'"T(e~^ ""j/pt Hence we can now write 

1 1 f°° -JL 

^ip/q + —Kip +-)= q/p e prdp{^,) + R{r). 

Then we have (remembering that the term ^R{r) has limit zero as r ^ oo) 

u - lim -T{p/q + — )C(p + -) = r(p/g)w - lim -((p + -) 
) — >oo r pr r r^oo t r 

= uj- lim ^ / e-i'/^dpiii) =quj- \lm - e-'"''' d^n) 

r^QO pr Jq r^oo r Jo 

where the last step uses the assumed dilation invariance of a; . So 

111 1 f°° M 

LJ — lim -r(p/gH )C(pH — ) = 9'^ ~ 1™ ~ / e~~dp(jj,) 

1 — >oo r pr r i — >oo r Jo 

Now we are exactly in a position to use the weak*-Karamata theorem above to evaluate the 
RHS. Indeed, we now conclude 

LO — lim - [ dj3{ii) = oj — lim ^i^. 

We can summarise the preceding in the equation 

(10) T{p/q)Cj - lim -C{p +-)=qu- lim 

Now make the change of variable X = e" in the defining expression for /3(//) to obtain 



Make the substitution /x = log t so the RHS becomes 
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This is the Cesaro mean of 

52(A) = -T(e ). 

Thus as we chose u G Loo(M^)* to be M invariant and a) to be related to u as in Remark 
3.6 we have 



uj - lim = uj{gi) = uj{g2). 



Then using (10), we obtain 



V{jp/q)u:- hm -C,{jp +-) = quj{g2) = quj - hm ^r(e ^ 

Thus by (9) we obtain the statement of the theorem: 

T{p/q)u- hm lc(p+-)=ga;- hm Kie-""-'^-''') = pT{p/ q)T^{TP). 
r r A— >oo A 

□ 



5.2. The LP'~-case and the 'small' ideal. As T G means that ^it{T)f^'^ < C < 00 

and nt{TP) = nt{T)P we conclude that ^xt{TP)t < < 00. That is T G CP^^ ^ S = TP el 
where T is the so called 'small' subideal of C^'°° identified in [6]. Recall that T is specified 
by the condition on the singular values of T ^ 0,T G C^'°°: Hs{T) ^ C/s for some constant 
C > 0. In subsection 4.1 [6] we proved the following result by a direct argument that avoids 
the use of the zeta function. If u; is M invariant and satisfies conditions (1),(2),(3) of Theorem 
3.4 and T G J then 

u- lim A-V(e-^"'^"') = r(3/2)Ta,(r). 

A— >oo 

We may now apply this stronger result of [6] to operators S El where S = TP and T G CP'°° 
to obtain the equality 

uj- lim A-V(e-^"'^"') = r(3/2)T^(5). 
A— >oo 

Hence we obtain the following result 

(11) // T G CP'^ then u - lim A-V(e-^"'^"''') = r(3/2)ra,(r*'). 

A— »oo 

Note that we have obtained this result under weaker conditions on uj than the more general 
Theorem 5.1 where T e Zp. It would be interesting to understand an example in noncommu- 
tative geometry where Zp arises naturally. We remark that in classical geometric examples 
such as differential operators on manifolds it is CP'°° p ^ 1 and the 'small ideal' I that arise 
naturally. 

A further idea motivated by the geometric case is that one may argue the other way, from 
a knowledge of the asymptotics of the trace of the heat semigroup, to information on the 
zeta function. Thus let us assume that the trace of the heat operator T(e~*-^ ) exists for all 
t > and in addition has an asymptotic expansion in inverse powers of t as i — > 0. These 
assumptions hold for Dirac Laplacians for example in classical geometry and it is well known 
in this case that one can infer from the asymptotic expansion the nature of the first singularity 
of C{s) (as Rc ,s decreases) from the leading term in inverse powers of t. We now explain this 
in some detail. 
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Thus assume that T(e ^) = Ct + lower order powers of t ^ as t ^ 0. We recall 
that as in Theorem 5.1 T(e~*-^ ) — > exponentially as t ^ oo. We introduce 

(12) Ci(^) = 

and 

C2(^) = W2-V(e-*^-^)di, 5 > 0. 

Then is analytic in a neighborhood of s = p and we may write C,{s) = t{T^) := Ci(s) + C2(s) 
for Res > p. Then the only contribution to the singularity at s = p comes from ^1 . Now 

I r f/^-^ct-p/^dt = - 

T{s/2)i T{s/2){s/2-p/2) 
and thus substitution in (12) gives 

where K{s) is holomorphic for s = p. (We note that the lower order terms in the asymptotic 
expansion do contribute to the term K(s) but these contributions are analytic near s = 
p.) Thus we may take the limit lim5_»p(s — p)C{s) and only the first term contributes as 
lims_>p(s -p)K{s) = 0. 

Proposition 5.2. If r(e~*^ ^) has an asymptotic expansion in inverse powers of t with the 
leading term being Cjt^l'^ for some constant C then T E Zp and 

lim{s-p)T{T')=pTUTn 

for any D2 (and M) invariant oj. 



6. Application to spectral triples 



Throughout this Section the following assumptions hold. We let T) be an unbounded self 
adjoint densely defined operator on H affiliated to M (this amounts to (1 + P^)~^ G M). We 
suppose that >A is a *-algebra in N consisting of operators a such that [D, a] is bounded and 
refer to the triple {T>,A,N) as a semifinite spectral triple. 

Denote for brevity := M{ijj){M,T) with as in Section 4, satisfying (2). As in 

Corollary 4.7, we consider the following p-convexification of M.'^ 

M^^P := {TeM+: ||r||^,, = sup (/o" M^^^^)^^^ < ^ > 1. 

We let To, be a Dixmier trace on M.^ corresponding to a suitable singular state lo . Suppose 
that (1 +D2)-p/2 g M'f' , or equivalently that (1 + p2)-i/2 ^ _y\4V',p. in applications of 
noncommutative geometry the functional (pi^ on A given by (pwia) = Tu;(a(l + Z)^)~^'/^) 
plays a key role. In particular it is of interest to know if this functional is a trace on A. 
In [10] this question was answered in the affirmative for the case of (1 + P^)~^/^ G . 
Their proof generalizes to our setting. In particular, it holds under the weaker assumption 

(l+p2)-l/2g2^. 



20 



Theorem 6.1. Under the immediately preceding hypotheses we have 

(Pu)iab) = (poj{ba) a,b E A. 

The proof is an extension of the approach in [10]. We need four preHminary facts. Some 
may be proved in a similar way to the corresponding results in [10]. 

Lemma 6.2. Given a spectral triple {V,A,M) we have 
(i) For a,b E J\f the Holder inequality 

for p,q^l, i + I = 1 , holds. 

(a) For any r with < r < 1 and a E A the operator [(1 + V^Y^^,a] is bounded and satisfies 

\\[{l + V'Y/^a]\\^Cma]\\ 
where the constant C > does not depend on a. 

(Hi) Let T eM"^ and f{t) = ixt{T) so that f is a bounded decreasing function on (0, oo) from 

M^ip), then /" G Li(M+) for every a> 1. 

(iv) The statement of the theorem (for (1 + g M'^ ) is implied by 

r^(|[(l + I?2)-p/2^a]|) = for all a G A 



Proof, (i) We have by [11, Proposition 1.1] and by the Holder inequality for function spaces 

lis{ab)ds ^ f iis{a)tis{b)ds ^ ( f iisiafdsf'^i !\s{bydsy 
Jo Jo Jo 



t 

'0 

Dividing by '^(t) and applying the functional uj we get 



' t^gjards Y' ( ^^g{bYds Y' 

m ) \ m J 

1/9 



using Holder inequality for states on abelian C* -algebras. We omit the proof ioi p = 1, 
q = oo. 

(ii) If M is taken in its left regular representation, then the claim follows immediately from 
[38, Theorem 3.1]. The general case is done in [37, Theorem 2.4.3]. Note, that the assumption 
made in [10] that V has a bounded inverse is now redundant. 

(iii) Using the inequalities preceding Lemma 4.3, we have for any /3 > 1 f{t) ^ C'^j^ for 
some C > and all sufficiently large Vs. Since a > 1 is given, we can choose (3 so that 
^ = 7 > 1, and so /"(t) ^ C /f^ which gives the required result. 

(iv) Let T = (l+p2)-p/2 and a,b E A. Then we know that for T' G T^{T'a) = T^{aT') 
(see [13] or [6, Lemma 3.2(i)]) and hence 

^^{[a, b]) = T^{Tab - aTb) = t^([T, a]b). 

Then 

\T^{[T,a]h)\^T^{\[T,a]\)\\b\\) = Q 
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with the last equahty is implied by the hypothesis of the lemma. □ 

Choose r with < r < 1 such that k = p/r e N. Following [10], we see that the proof of 
the theorem rests on the identity (for A; G N) 

k 

[a, (1 + p2-)-W2] = + + p2)r/2^ ^ (j-fe-l)r/2 

J = l 

where we are using part (ii) of the Lemma to give boundedness of [(1 + V'^Y^^,a\. We now 
apply the previous identity to obtain: 

rU\[a, (1 + = TU\[a, (1 + V'r''/']\) 

k 

^ 5]r^[|(l +2?'r/',a](l +p2)0-fc-iW2|] 

Hence choosing pj = ^r^^z^j ' H = r(2fc-2j+i) applying part (i) of the Lemma, 

k 

r^(|[a,(l+p2)-P]|) ^ ||[(l+p2)r/2^^]||^^^^^l^p2)-p,ir/2^)lM^^^^l^p2)0-fe-l)?W2))l/^^^ 

The exponents Pjjr/2 and {j — k — l)qjr/2 are larger than p so using part (iii) of the Lemma, 
the Dixmicr trace in the last two terms vanishes. Now use part (iv) of the Lemma to complete 
the proof of the Theorem. 
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